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Abstract The reliability of structures is dependent on the variability in random characteristics of strong
ground motion. In this paper, the influence of the variability of ground motion variables on the variability
of structural response has been accessed by sensitivity analysis. The Variance-Based Sensitivity Analysis
(VBSA) is considered using theMonte Carlo based procedure, for computing the set of first order sensitivity
indices of variables to estimate the contribution that each uncertain input makes to variance in the
model output. The variables that have a dominant influence on the uncertainty of structural response
are identified. The analytical results show that the formulation of dynamic structural response in the
frequency domain, based on the seismological information of excitation, can be used in some countries,
such as Iran, with lack of recorded strong motion.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
One of the challenging issues in modern civil engineering
analysis is the typically large number of random quantities
defining the input and system parameters [1]. Uncertainty
in material properties, design assumptions and earthquake-
induced ground motion affect structural response. Among all
sources of uncertainty, the latter is the most unpredictable
and has the most significant effect on the variability observed
in the structural response [2,3]. Strong ground motion and
corresponding structural response appears random in space
and time due to the inherent complexity of the earthquake
source, the path that seismically induced waves follow, and the
soil layers that the waves go through to reach the foundation
level of structures [4].
Earthquake magnitude (M), source-to-site distance (R), and
soil profile (A) at the site of interest are the most common
variables related to a seismic event, and it is evident that
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Open access under CC BY-NC-ND license.selection of recorded ground motion involves identifying
these characteristics [5]. Past studies on the influence of
ground motion variables on structural response have been
limited by the amount of available strong motion data [6,7].
Furthermore,most studies based on combined recorded ground
motion data sets come from different earthquake sizes and
recorded fromdifferent regions [7–9]. In the dynamic structural
analysis in the frequency domain, the response of a system
under excitation can be calculated based on the frequency
information of the excitation. This information only requires
computation of the Fourier Amplitude Spectrum (FAS) of
excitation, which can be calculated, based on the seismological
method. For this reason, formulating structural response in the
frequency domain provides an important basis for the analytical
study of seismological theory to understand the sensitivity of
earthquake ground motion variables on structural response.
Also, the frequency domain approach is appropriate for
probabilistic analysis. An advantage of using physical models of
ground motion rather than empirical ones is that meaningful
parameters pertaining to source, path attenuation and site
effects can be inferred from ground motion, thus, promoting a
physical understanding of the underlying processes of strong
ground motion generation and attenuation [10,11].
Sensitivity Analysis (SA) is a study of how uncertainty in the
model output can be apportioned to different sources of uncer-
tainty in the model input factors [12]. The variance of output in
the Variance-Based Sensitivity Analysis (VBSA) is decomposed
as a sum of contributions of each input variable. In the present
study, an attempt has been made to study a frequency domain
reliability analysis for a linear elastic dynamic structural sys-
tem under a non-stationary earthquake, incorporating uncer-
tainty in the earthquake variables, such as source, path and site.
A. Yazdani, S.-N. Eftekhari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 84–90 85The Sobol’ decomposition [13] is applied to assess the relative
contributions of these sources of variability to the overall vari-
ability in response. First, we developed the dynamic structural
analysis in the frequency domain, numerically, for a 9-story SAC
steel building [14], demonstrating that the stochastic structural
responses are equivalent to the time domain analysis results.
Then, contribution of earthquake variables to overall variabil-
ity in response was assessed by the VBSA procedure. The aim
of this paper is to provide an important basis for understanding
the sensitivity of earthquake variables, and to reveal the effects
of these variables on structural response in choosing variables
in the design earthquake.
2. Structural analysis in the frequency domain
The dynamic equilibrium equation of the Multi-Degree-Of-
Freedom (MDOF) system in the frequency domain subjected
to horizontal ground motion can be written in the frequency
domain as [2,15]:
[[K ] + iω[C] − ω2[M]]{Y (ω)} = −[M]{r}X(ω), (1)
where [K ], [M], [C] and {r} = {1 . . . 1}T are, respectively,
system stiffness, mass, damping matrices, and influence coeffi-
cient vector. {Y (ω)} is the system horizontal displacement vec-
tor, and X (ω) is the Fourier transform of groundmotion, which
is stochastic in general. Eq. (1) can be reduced to the following
form:
{Y (ω)} = [HXY (ω)]{r}X(ω), (2)
where HXY (ω), which is the structural transfer (input–output)
function matrix, is defined as:
[HXY (ω)] = [[K ] + iω[C] − ω2[M]]−1[M]. (3)
One of the essential characteristics of the seismological
method is that it distillswhat is known about the various factors
affecting ground motion into different functional forms. The
point-source shear wave spectrummodel is defined as [10,11]:
X(ω) = ⟨Rθϕ⟩PF
4πρsβ3s
M0S(M0, ω)P(R, ω)Dκ(ω)A(ω), (4)
where M0 is the seismic moment, R is the source-to-site
distance, ω is the circular frequency of the wave, ωc is the
circular corner frequency, ⟨Rθϕ⟩ is the wave radiation factor
(taken here as 0.55), F is the free surface amplification factor
(taken to be 2) and P is the factor partitioning energy into
orthogonal directions (taken to be
√
2/2). The parameter of ρs
is the density of rock within the top 10 km of the earth’s crust,
which is typically 2.8 t/m3, and βs is the shear-wave velocity
in the vicinity of the source. The Fourier amplitude spectrum of
the point sourcemodel [10] for the acceleration of seismic shear
waves generated at the source of an earthquake, S(M0, ω), is
represented by:
S(M0, ω) = ω
2
1+ (ω/ωc)2 . (5)
The corner frequency, ωc , controls the frequency content of
the earthquake generated at the source. Following the Brune
assumption [10], the corner frequency is given by the following
equation:
ωc = (2π)× 4.9× 106βs(1σ/M0)1/3, (6)
where1σ , in bar, is the stress drop and in this equationωc is in
Hz, βs in km/s, andM0 in dyne-cm. The seismic moment,M0, isoften expressed in terms of the moment magnitude,Mw , which
is defined as follows [16]:
Mw = 23 logM0 − 10.7. (7)
The seismological model depends on the distance through
the path attenuation function, P(R, ω) = DQ (R, ω)DG(R), where
DQ (R, ω) = exp[−0.5Rω/(Q (ω)βs)] represents anelastic and
scattering attenuation. The wave transmission quality factor is
defined by the exponent expression, Q (ω) = Q0(ω/(2π))n in
whichQ0 and n are the regional dependent factors. The geomet-
rical attenuation factor, DG(R), which represents geometrical
damping, is given by a piecewise continuous series of straight
lines [11]. In this study, it is assumed to be R−1 for simplic-
ity. Effects of the path independent attenuation were also taken
into account by diminishing the simulated spectra by the factor
Dκ(ω) = exp(−0.5ωκ). This loss may be due to a source ef-
fect, a site effect or by a combination of these effects where κ is
the attenuation parameter that accounts for the high-frequency
cutoff. In Eq. (4), A (ω) is the upper crust amplification fac-
tor, and the quarter-wavelength method proposed by Boore
and Joyner [17] is used to model the amplification factor of the
site soil. They have proposed that the site-amplification factor,
A (ω), is a function of the average shear wave velocities, (V¯S),
representing soil conditions in the upper 30 m.
By substituting Eqs. (3)–(7) in Eq. (2), the system horizontal
displacement can be computed in the frequency domain, and
based on seismological information. The presented relation in
calculating the response is based on the well-known stochastic
model for generating strong motion, customarily used to
calculate design earthquake in places where there is a lack
of sufficient recorded data. The stochastic point source model
based on a static corner frequency has been used here, despite
some theoretical deficiencies. It gives results that are similar
to those of the finite-fault model, at least at medium and long
distances from the fault and the frequency ground motion,
which is of most interest to engineers [18,19].
3. Variance-based sensitivity analysis
Sensitivity Analysis (SA) is used to increase confidence in
the model and its predictions by providing an understand-
ing of how the model response variables respond to changes
in the inputs, (whether they be data used to calibrate it,
model structures, or factors) i.e. the model-independent vari-
ables [12]. Generally, there are two types of sensitivity anal-
yses: regression-based methods and variance-based methods.
Regression-based methods use a regression of the output on
the input vector, and variance-based methods decompose the
variance of the output as a sum of contributions of each input
variable [1]. The probabilistic uncertainty analysis estimates
the uncertainty in the model output, given the uncertain input.
Variance-based sensitivity analysis (VBSA),which addresses the
inverse problem of attributing output variance to uncertainty
in the input, quantify the contribution that each input fac-
tor makes to the variance in the output quantity of interest
[20].
The randomvector,X ∈ Ωk, contains the random inputs that
are used to generate a response function of Y = f (X). Here,
X is restricted to contain independent components and has a
joint density that is uniform on Ωk = {X |0 ≤ xi ≤ 1, i =
1 . . . k} [12]. The sensitivity index, Si, represents the fractional
contribution of a given factor, xi, to the variance in a given
output variable, Y . In order to calculate the sensitivity indices,
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all the input factors, x1, . . . , xk, as [12]:
VY =

i
Vi +

i<j
Vij +

i<j<l
Vijl + · · · + V12...k, (8)
where:
Vi = V [E(Y |xi = x∗i )],
Vij = V [E(Y |xi = x∗i , xj = x∗j )] − Vi − Vj.
V [E(Y |xi = x∗i )] is referred to as the variance of the conditional
expectation and is the variance over all values of x∗i in the
expectation of Y , given that xi has a fixed value, x∗i . This is
an intuitive measure of the sensitivity of Y to factor xi, as it
measures the amount by which E(Y |xi = x∗i ) varies with the
value of x∗i , whilst averaging over the xj’s, j ≠ i [20]. Following
the above definition of the partial variances, the sensitivity
indices are defined as:
Si = ViVY , (9)
Sij = VijVY . (10)
Higher order indices can be calculated with a similar approach.
With regard to Eq. (8), the decomposition of sensitivity indices
can be written in the form [12]:
i
Si +

i

j>i
Sij + · · · + S12...k = 1. (11)
For estimating the variance-based sensitivity index, based on
the hierarchical decomposition of the response function by an
increasing dimension, Sobol’ [21] provided an efficient MonteCarlo (MC) method as:
f (X) = f (x1, . . . , xk) = f0 +

1≤i≤k
fi(xi)
+

1≤i≤K

i≤j
fij(xi, xj)+ · · · + f12...k(x1 . . . xk), (12)
in which f0, fi and fij can be evaluated via themulti-dimensional
integrals, using the MC simulation [21].
4. Comparative evaluation and sensitivity analysis results
This section presents the application of sensitivity analysis
to structural engineering. This assertion is illustrated, numer-
ically, for a 9-story structure, shown in Figure 1, designed for
the SAC steel project. The structure chosen for study here has
been used extensively in previous studies of reliability analy-
sis and seismic demand estimation [8,22]. The building’s lateral
force-resisting system is composed of steel perimeterMoment-
Resisting Frames (MRF). The sectional dimensions and proper-
ties for the members are shown in Figure 1. A simple model
of a two-dimensional building consisting of the perimeter N–S
frame is adopted here, which is sufficient for the objectives of
this study; if desired, more complex models can be used [14].
It is an unavoidable fact that the structural response
displays large record-to-record variability, even for the simplest
structures, e.g. oscillators. Shome et al. [9] have shown that for
mid-rise buildings, ten to twenty records are usually enough
to provide sufficient accuracy in the estimation of seismic
demands. A single-record response of a structure cannot fully
capture the response that might be displayed in future events,
and the response can be highly dependent on the record chosen.
Thus, a sufficient number of records will be needed to cover the
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No Event Station ϕo
1
Soil2 M3 R4 (km) PGA (g)
1 Imperial Valley, 1979 Calipatria fire sta. 225 C, D 6.5 23.8 0.128
2 Imperial Valley, 1979 Calipatria fire sta. 315 C, D 6.5 23.8 0.078
3 Imperial Valley, 1979 Chihuahua 012 C, D 6.5 28.7 0.27
4 Loma Prieta, 1989 Agnews state hospital 000 C, D 6.9 28.2 0.172
5 Loma Prieta, 1989 Agnews state hospital 090 C, D 6.9 28.2 0.159
6 Northridge, 1994 LA-N faring rd. 000 C, – 6.7 23.9 0.273
7 Northridge, 1994 LA-N faring rd. 090 C, – 6.7 23.9 0.242
8 Northridge, 1994 LA-saturn st. 020 C, D 6.7 30 0.474
9 Coalinga, 1983 Parkfield-vineyard cany 1E 000 –, C 6.4 26.7 0.167
10 Coalinga, 1983 Parkfield-vineyard cany 1E 090 –, C 6.4 26.7 0.23
11 Superstitn Hills, 1987 Wildlife liquef. array 090 –, D 6.7 24.4 0.181
12 Imperial Valley, 1979 Chihuahua 282 C, D 6.5 28.7 0.254
13 Imperial Valley, 1979 Cucapah 085 C, D 6.5 23.6 0.309
14 Loma Prieta, 1989 Hollister diff. array 255 –, D 6.9 25.8 0.279
15 Northridge, 1994 LA-hollywood stor FF 090 C, D 6.7 25.5 0.231
16 Northridge, 1994 LA-hollywood stor FF 360 C, D 6.7 25.5 0.358
17 Northridge, 1994 LA-saturn st. 110 C, D 6.7 30 0.439
18 Northridge, 1994 Moorpark-fire sta. 090 –, D 6.7 28 0.193
19 Northridge, 1994 Moorpark-fire sta. 180 –, D 6.7 28 0.292
20 San Fernando, 1971 Lake hughes 021 –, C 6.6 25.8 0.145
1 Component. 2 USGS, Geomatrix soil class. 3 Moment magnitude. 4 Closest to fault rupture.Table 2: Set of earthquake ground motion variables.
Variables (random variables) Mean value
Coefficient of variation
Earthquake magnitude,Mw 6.65
0.023
Distance, R (km) 26.5
0.08
Stress drop,1σ (bar) 100
0.15
Quality factor, Q (ω) Q = 72.9 ω0.56
0.15
High-frequency attenuation
variable, κ (s)
0.05
0.15
Amplification factor, V (ω) Generic soil (V¯30 = 310 m/s)
0.15
full range of responses, and it is necessary to resort to subjecting
the structural model to a suite of ground motion records.
Consequently, we have selected a set of twenty ground motion
records, listed in Table 1, that belong to a bin of relatively large
magnitudes of 6.4–6.9, and moderate distances of 23.8–30 km,
all recorded on firm soil and bearing no marks of directivity;
effectively they represent a scenario earthquake in California.
If we wish to take into account the inherent randomness,
with respect to what record the building might experience,
we have to bring probabilistic characterization into play.
The probabilistic seismic assessment of structures normally
requires performing a set of time-history analyses on a suite
of ground motion records. This will provide an estimate of
the central value and the variability in structural response
under seismic excitations. Figure 2 shows the mean value and
standard deviation of the overall horizontal displacement of
the frame, using a series of dynamic analyses under a suite of
multiple ground motion records, in Table 1.
Eqs. (2)–(7) demonstrated that the system horizontal dis-
placement can be computed in the frequency domain by the
Fourier Amplitude Spectrum (FAS), based on seismological
information. To examine the accuracy of the presented fre-
quency domainmethod, the structural horizontal displacement
has been compared with the time domain structural analysisFigure 2: Comparison of the mean value and standard deviation of horizontal
displacement of the 9-story building at different levels in the time domain
and frequency domain dynamic analysis. The results in time and frequency
domains are calculated respectively based on the suite of twenty ground
motions recorded in Table 1 and seismological information in Table 2.
method for recorded ground motion. To calculate the proposed
frequency domain structural response, earthquake variables,
i.e. earthquakemagnitude,Mw , source-to-site distance, R, static
stress drop, 1σ , quality factor, Q , high-frequency attenuation
parameter, κ , and amplification factors, A (ω), were modeled
as random variables. Each random variable is modeled as fol-
lows [23]:
Xi = µXi(1+ ViαXi), (13)
where µxi and Vi are the mean value and the Coefficients
Of Variation (COV) of the random variables, respectively, and
αxi is a random variable with a zero mean. Table 2 shows
the chosen mean value and COV set for the earthquake
ground motion variables in this study, for calculation of the
ground motion’s FAS, which is used to obtain the structural
response. The determination of ground motion variables for
previous earthquake records invariably carries a high degree
of uncertainty, and the specification of these variables can
involve a significant degree of expert judgment. Also, the COV
of these variables plays an important role in the variation of
the response. The mean and COV values of magnitude and
source-to-site distance are chosen based on the statistical
characterization of twenty groundmotions recorded in Table 1.
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The other source, path, and site variables are chosen based
on estimation of these variables in California [17,24]. Previous
studies revealed that variations of the moment magnitude
and the source-to-site distance are less than other variables
[17,25–27]. In this study, the COV value of 0.15 was assumed
for the Q factor, kappa, stress drop, and amplification factor
variables. The structural responses in the frequency domain,
based on the seismological FAS, are shown in Figure 2.
This figure compares the mean value and standard deviation
of the overall horizontal displacement of the frame in the
two methods. An acceptable mismatch between structural
responses can be found in the frequency domain and time
domain methods based on FAS, and the twenty time-series of
recorded ground motion. For regions where recorded ground
motion data are scarce, it becomes imperative to use the
proposed models to represent structural response in the
frequency domain structural analysis.
To compute the sensitivity indices, the Sobol’ sampling
scheme has been used in this study. Sequences of Sobol’
sampling vectors are essentially quasi-random sequences that
are defined as sequences of points that have no intrinsic random
properties. Note that other sampling strategies, such as Latin
Hypercube (LH) sampling, can be used to compute sensitivity
indices. However, Homma and Saltelli [28] found that the Sobol’sampling sequence performed better than others they had
studied.
In this study, the sensitivity analysis is applied in assessment
of the influence of ground motion variables on the response
of the structural system. Figure 3 shows the convergence of
the first order Sobol’ indices, derived by Sobol’ sampling of
the uniform input spaces for different earthquake variables.
One hundred estimates are computed with different sample
sizes, i.e. {500, 1000, 2000, 5000, 8000}. Analytical values of
the indices in different estimations for each sample size are
shown as the point in different traces of Figure 3. This figure
indicates that the precision of the estimates increases. When
the sample size reaches 8000, convergence of the indices is
observed.
Sensitivity indices, Si, are depicted in Figure 4. This figure
presents a comparison of the first order indices of strongmotion
variables. The total fraction of the variance captured by the first
order functions is about 98%. This indicates that for this problem
higher order contributions to the Sobol’ series are relatively
small.
The overall variance in earthquake-induced structural
response is affected by variances in each of the random
variables. Figure 4 indicated that 29.4% and 47.1% of the overall
variance in response is attributable to the variance in soil
condition and earthquake magnitude, respectively, and less
than 24% of the variance is attributable to other variables.
5. Discussion and conclusions
During the last decade, by increasing computational power
and the evaluation of engineering software, dynamic analyses
in the time domain have been made feasible for complex
structures with thousands of degrees of freedom. On the other
hand, recent work has shown that earthquake-induced ground
motion has a significant impact on the variability observed in
the structural response, due to the inherent complexity and
randomness of ground motion in time and space [7,23,26].
Given the above uncertainties, and despite the relative
straightforward code-based selection of earthquake records
required for dynamic analysis purposes, it is necessary to
develop a reasonable way for selecting an appropriate set of
earthquake records that can be used for dynamic analysis of
structural systems.
Since earthquake magnitude (M) and the source-to-site dis-
tance (R) are the most common variables related to a seis-
mic event, it is evident that the simplest selection procedure
A. Yazdani, S.-N. Eftekhari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 84–90 89involves identifying these characteristic (M, R) pairs. Shome
et al. [9] formed a different bin of recorded ground motion in
order to assess the seismic response of structures, permitting a
limited variation in the target values (M ±1M, R±1R). Bom-
mer and Acevedo [29] and Stewart et al. [30] considered earth-
quake magnitude as an important earthquake record selection
variable, or at least as an initial criterion for use in the selec-
tion process, while the role of the closest source-to-site dis-
tance has not been established. Stewart et al. [30] suggested an
earthquakemagnitude half-binwidth of±0.25Mw , while Bom-
mer and Acevedo [29] recommended ±0.20 Mw . In addition,
Baker and Cornell [31] confirmed that the source-to-site dis-
tance is statistically insignificant in structural response, while
the earthquake magnitude shows some significance.
A selection criterion complementing both magnitude and
distance is the actual soil condition, A, at the site of interest,
leading to (M, R, A) [7]. Previously, analytical studies [23,26] in-
dicated that earthquakemagnitude and soil condition variables
were more important than the source-to-site distance variable.
Katsanos et al. [7] reviewed the effect of the rupture mecha-
nism, source environment, type of faulting, source path and di-
rectivity of seismic waves, and their influence on strongmotion
selections. Also, Kappos and Kyriakakis [32] demonstrated the
effect of different seismotectonic environments on earthquake
strong motion by studying elastic and inelastic response spec-
tra. Moreover, it was indicated that earthquakes with reverse-
oblique mechanisms have similar characteristics to those of
reverse faulting events [33].
Most studies on the influence of ground motion variables
on structural response have been based on combined data sets
that have come from different earthquakes, and have been
recorded in different regions. Thus, inclusion of criteria us-
ing site and seismotectonic environmental features may sig-
nificantly reduce the acceptable number of required records.
Furthermore, in some parts where there is a lack of sufficient
recorded data, well-known stochastic models are customarily
used for generating strong motion to calculate design earth-
quakes. The stochastic point source model, which is based on a
static corner frequency, used here, despite some theoretical de-
ficiencies, gives similar results to the dynamic corner frequency
version for medium and far distances from the fault, and for
ground motion frequencies, which are of most interest to en-
gineers (f > 0.6 Hz). One of the deficiencies of this method is
that it cannot assume the effect of the faultmechanism, but Am-
braseys et al. [34] described that the average effect of different
fault mechanisms is not large.
In structural engineering and problems involving unpre-
dictable or stochastic variables, a probabilistic analysis may be
the most rational way of approaching the problem. Based on
the presented formulation, the response spectrum can be an-
alytically related to the earthquake ground motion variables.
Despite the deficiencies of the method, formulating the struc-
tural response, based on the frequency information of excita-
tion, opens the door for a wider use of seismological theory to
understand the relationship between structural response and
seismological variables of interest.
In general, the results of a seismic hazard analysis, per-
formed by either deterministic or probabilistic approaches, are
needed by engineers to tackle the problem of selecting and
scaling recorded ground motion. For design, analysis, retrofit,
or other seismic risk decisions, a few design earthquakes can
be used, wherein earthquake threat is characterized by magni-
tude, distance and other variables. The analytical results show
that the earthquake source factors and soil condition variablesare the main sources of uncertainty while path variables (such
as distance, anelastic attenuation and upper crust attenuation)
have relatively little effect.
The presented formulation of dynamic structural response in
the frequency domain, based on only the frequency information
of the excitation, provides an important basis for structural
analysis in some countries, such as Iran, that lacks strong
motion records. The development of new concepts of reliability
analysis has contributed to a qualitative improvement in the
reliability analysis of structures.
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